Abstract. Thermoplastics having various short and long-chain branches, characterized by the melt index measured at the processing temperature -according to their average molecular mass -can be processed using universal principles, independently of their chemical composition. The average molecular mass is the result of a molecular mass distribution, being the fingerprint of the chemical synthetic technology. The actual shape of the shear viscosity function aiming at the quantitative characterization of viscous flow, containing material-dependent parameters, depends on the ratio of high and low molecular mass fractions, the width of the molecular mass distribution function and on the number of short and long chain branches. This publication deals with the critical analysis of the mathematical methods of transforming these two curves of basic importance into each other.
shows the stations of the technical-scientific quest during which a plastic product is made by cooling and shaping a melt produced by melting a polymer mass in the plastics processing industry. There are three separate, well-defined research areas: polymer structure research, testing the viscous flow properties of polymer melts, and testing the processing properties. First two are mainly scientific disciplines, the third is a practice-oriented activity. Our main interest was in establishing mutual relations between them, taking into account especially the works of Bersted [1] [2] [3] , Malkin and Teishev [4] [5] [6] , Tuminello and coworkers [7, 8] and Nobile et al. [9] , who dealt first with determining the molecular mass distribution functions of thermoplastics from melt viscosity functions.
Experimental

Materials
The materials used in our experiments were -polystyrenes of Edistir type (Dunasytr Plc, Hungary), samples denoted as PS 1-11 -PVC pellets of various K-values of Ongrolit type, (BorsodChem Plc, Hungary), samples denoted as PVC 1-6 -polypropylene homopolymers of Tipplen type (TVK Plc, Hungary), samples denoted as PP 1-6 The samples are listed in Table 2 .
Test methods 2.2.1. Determining the molecular mass distribution by GPC
The molecular mass of polymers influences their general performance, such as tensile strength, elas-ticity modulus, while their molecular mass distribution plays a decisive role in their processing. In order to determine the molecular mass distribution the polymer is usually dissolved and the so-called size-exclusion chromatogram (or gel permeation chromatogram, GPC) is determined. The are no known solvents for certain polymers (e.g. poly(tetrafluorethylene), poly(ether-ether-ketone)), while other can be studied only at high temperature (polyolefins). Solvent based techniques are usually time consuming not because of the GPC test islef, but because of the dissolution of the polymer sample. Solutions of about 5 mg/ml concentration were made from PS in tetrahydrofurane and from PVC in cyclohexanone at room temperature, while solutions of about 0.5-1 mg/ml concentration were made from PP in 1,2,4-trichlorobenzene at 160°C, which were filtered on filters with 1 μm pore diameter. Molecular mass distribution curves of PS and PVC samples were measured at room temperature using a Waters gel permeation chromatograph (GPC), while the molecular mass distribution of PP samples was determined by a Polymer Laboratories GPC 220 equipment at 160°C. Polystyrene standards were used for calibration in each case.
Determining the shear viscosity function
Modern rheological test equipments (oscillating rheometers and capillary or rotation viscometers) make possible determining the frequency dependence of storage and loss moduli or the flow curves within 20 minutes and 1-2 hours respectively, covering 4 orders of magnitude frequency range or 6-8 orders of magnitude shear rate range respectively. They need neither solvent nor filtering. Therefore, rheological tests are ideally suited for quality control. Mass and volume flows of the melts were measured using standard capillaries at 190°C, using 1-21.6 kg load. Shear stress, shear rate and shear viscosity values were calculated from the test data.
3. Quantitative description of the molecular mass distribution and critical analysis of determining their maximum shear viscosity 3.1. Mathematical description of the molecular mass distribution determined by GPC method
Characteristic parameters of the distribution curve are determined by the GPC test software, namely the mass-and number average molecular masses and the molecular mass belonging to the maximum of the distribution function. Mass average molecular mass of the polymers studied was in the range of 100 000 < (M -m ) < 600 000 their polydispersity was moderate ( 
The functional form, i.e. the differential molecular mass distribution was described by the so-called log-normal distribution (Equation (1)): (1) which is strictly valid only for linear, monodisperse polymers, mainly for polyethylene [10] , but can be used as a good approximation for commercial polymers (e.g. for polypropylene, polystyrene, and PVC samples [11] ), provided that they do not contain too many branches and if the polydispersity is not too large. a is a constant characterizing the maximum of the curve, σ is the standard deviation of the distribution, x is the molecular mass, μ is the molecular mass belonging to the maximum of the curve. Using the constants of Equation (1) the polydispersitiy index of the polymer is given by Equation (2):
Critical analysis of the determination of the maximum shear viscosity
The shear viscosity function of polymer melts can be determined by a combined use of rotational and capillary rheometers in a broad shear rate range. Viscosity values close to the zero shear rate can be obtained by the former, while viscosities closer to the values encountered in practice can be obtained by the latter. Depending on the polymer and on the temperature it is possible to measure points at low shear rates (~0.1 s -1 ) by capillary rheometers, but these are not typical. The functional relation is usually described by functions containing 2, 3 or 4 parameters, resulting in gradually smaller fitting errors. Equations with 2 parameters cannot handle the Newtonian behavior, which can be described only by equations containing 3-4 parameters. One has to interpret the physical meaning of the parameters and the reality of the maximum viscosity value obtained. The problem of determining the η 0 values lies in the fact that test data are determined in the so-called non-Newtonian range, and the usual, simpler extrapolation methods do not treat this range adequately.
When describing the shear viscosity as a function of the shear rate by Equation (3):
and linearization b 1 = 1/η 0 is yielded by the intercept. Describing the shear viscosity by another function, namely Equation (4): (4) After linearization the shear viscosity belonging to γ . = 1 s -1 is the intercept, i.e. (ln η 0 ) 2 and the shear viscosity increases monotonously and continuously with decreasing shear rates which is physically impossible. When using a three-parameter Equation (5): (5) the horizontal section characteristic of the Newtonian range, i.e. the maximum shear viscosity appears in the logarithmic plot, but parameters a 3 and b 3 have no physical meaning. The Carreau equation originally containing 3 parameters [12] has been modified to contain 4 parameters (see Equation (6)): (6) which contains not only the maximum shear viscosity (η 0 ) but also the relaxation time (b 4 = λ), as a material constant, a value (c 4 ) characterizing the molecular mass distribution and a further parameter (a 4 ) characterizing the non-Newtonian behavior can also be determined from it. Figure 1 shows the curves fitted to shear viscosity data measured on PS-4 at 190°C. We concluded, that at low shear rates Equation (4), while at high shear rates Equation (3) leads to erroneous conclusions, reflected by the relatively large fitting errors (18.06 and 9.13% respectively). Equations (5) and (6) can be well applied in the whole shear rate range, the fitting errors are only 2.38 and 2.15% respectively. Carreau parameters of PS, PVC and PP samples determined form 190°C rheological tests are collected in Table 2 together with the parameters of the molecular mass distribution functions determined by GPC.
Relation between the maximum shear
viscosity and the mass average molecular mass 3.3.1. Literature data Calculation the maximum shear viscosity is of great theoretical importance, as it is directly related to the mass average molecular mass of the polymer, as shown by Equation (7) [13] [14] [15] : (7) Parameters collected from the literature for HDPE, PS and PP are listed in Table 3 . It has to be noted that K 1 parameters were obtained using zero shear viscosities using Poise units. Figure 2 shows the relations between shear viscosities and mass average molecular masses for our PS, The molecular mass range of the PS samples studied covers a very narrow range and, according to Equation (7) the slope is about double of the value obtained from the literature. The exponent calculated for the polystyrene sample is too high, therefore the calculated molecular masses are far from the GPC results. The reason for this discrepancy is that the shear rated which can be realized in the capillary viscometer is not low enough to obtain a reliable zero shear viscosity by processing the data using the Carreau equation. There are two further methods which, however, require special instrument. Zero shear viscosity can be determined by oscillating rheometry. A third method uses the slope of the steady state of the deformation curve determined by creep experiments at low stresses.
A model used for transforming molecular mass distribution curves into shear viscosity functions
Theory
When establishing the relation between the polymer structure and macroscopically observed properties we started from the obvious fact that shear viscosity depends mainly of the chain length distribution, on the temperature and last, but not least on the shear rate [19, 20] . Bersted in his works [1] [2] [3] defined a critical molecular mass M c , below which the molecular flow is regarded as Newtonian, while above this value the viscosity decreases with the shear rate. The critical molecular mass is essentially related to the Newtonian/non-Newtonian transition in the flow curve, which in its turn is related to the maximum relaxation time. Consequently the onset of the non-Newtonian flow is related to the longest relaxation time of the polymer sample. Stated otherwise it is assumed that for each shear rate there exists a M c critical molecular mass. If M < M c the weight of contribution of molecules to the viscosity is proportional to w i M i , while if M ≥ M c the contribution is proportional to their weight fraction, as if their molecular mass were M c . It is further assumed that the threshold value is independent of the average molecular mass of the sample and of the molecular mass distribution of the whole sample.
Calculation method
In order to determine the critical molecular mass we start from the well known Equation (4) between maximum shear viscosity (η 0 ) and mass average molecular mass M -m as described in linearized form by Equation (8): (8) where Equation (9) (9) where w i is the mass fraction of the i-th component and M i is the molecular mass of the i-th component. The molecular mass distribution curve has been divided into i = 54 discrete points (see Figure 3 ). Rheological constants of the studied polymer types were determined form the shear viscosities measured at 190°C using the Carreau equation (see Equation (10)): (10) wherein η 0 is the maximum shear viscosity in Pa·s units; λ is the relaxation time [sec]; M is a dimensionless constant characterizing the molecular mass distribution, while N is another dimensionless constant characterizing the non-Newtonian behavior. At a given shear rate the 'apparent' molecular masses are calculated from Equation (8), from which the M c value is calculated using Equation (9) .
Macskási -eXPRESS Polymer Letters Vol. 3, No.6 (2009) 1 -GPC data, 2 -the curve fitted by Equation (1) When determining the M c values it was observed that after a certain i value M c becomes negative, which is physically meaningless. Therefore an i = c value was adopted, where a positive M c was obtained even at the highest shear rate, i.e. i = 35 (Table 4) . When plotting the logarithm of the M c values against the logarithm of the shear rate a monotonically decreasing curve was obtained. Using the slope of the latter the following Equation (11) was used to calculate the M c values:
where M c,0 = 320 000 is used for PS [1] . A serious drawback of Equation (11) is that it approximates the measured shear viscosity function only in the non-Newtonian rage, but it cannot be used to calculate the Newtonian range. We tried to eliminate this deficiency first by a relation of M c = a/(γ . + b) but a good result was obtained only by
Results and discussion
The molecular mass distribution is transformed into the shear viscosity function in the following way: (1) knowing the average molecular mass and the molecular mass distribution curve of the polymer one calculates A = M c at zero shear rate using Equation (12): (12) for an i = c value as close as possible to the average molecular mass.
(2) then the points of the shear viscosity function are calculated using Equation (13): 
Model used to determine molecular mass
distribution of thermoplastic polymers from dimensionless rheological data
Theory
Having discussed the direct problem (i.e. the determination of the flow curve from a known molecular mass distribution) in Chapter 4 the following question is asked: is it possible to calculate the molecu-
Macskási -eXPRESS Polymer Letters Vol. 3, No.6 (2009) [7, 8] and Nobile et al. [9] . Although molecular mass distribution curves calculated from low amplitude dynamic oscillation tests have been published in the literature, the algorithm has not been published [21, 22] . Typical industrial polymers are polydisperse, i.e. they can be regarded as mixtures of monodisperse fractions. Flow curves/shear viscosity functions of monodisperse polymer melts can be described by Equation (14): (14) where η 0 is the maximum shear viscosity, τ s the critical shear stress and γ . s = τ s /η 0 is the critical shear rate depending on the molecular mass of the high molecular mass fractions. The molecular mass dependence of η 0 is given by Equation (7) wherein K and α are constants (α = 3.4-3.5). The critical shear rate can be calculated by Equation (15): (15) Equation (15) is strictly valid only for monodisperse polymers, for polydisperse samples mass average molecular mass M -m should be used. For a binary mixture of homodisperse polymers with M 1 and M 2 (M 1 > M 2 ) Friedman and Porter [23] introduced the following Equation (16): (16) where η 0,1 and η 0,2 are Newtonian viscosities and w 1 , w 2 are the mass fractions of the components. The flow curve/viscosity function of the binary mixture can be expressed by Equation (17):
This approximation has been generalized by Nobile et al. [9] for a continuous molecular mass distribution as shown by Equation (18): (18) where f(M) is the molecular mass distribution function. The first member of Equation (18) corresponds to the second member of Equation (17b) while its second member corresponds to the first member of Equation (17b). The first member of Equation (18) represents the Newtonian flow, while its second member is related to those high molecular mass fractions, which take part in the non-Newtonian flow. In order to solve the inverse problem three dimensionless variables are needed, namely -dimensionless shear viscosity according to Equation (19):
-dimensionless shear rate according to Equation (20):
-and dimensionless molecular mass according to Equation (21): (21) where the molar masses belonging to certain shear rates should be used instead of M, as shown by Equation (22): (22) where η 0 is the maximum shear viscosity, K is a constant characterizing the polymer, λ is the relaxation time, γ . is the actual shear rate and k = 1.
Without presenting the derivation the solution of the inverse problem is given by Equation (23):
Calculation of the molecular mass distribution
Equation (23) 
then it is derived twice with respect to X as shown in Equation (25):
(25) Using Equation (25) the frequency of each molecular mass in any polymer sample can be determined as a function of the shear rates used in the rheologi-
Macskási -eXPRESS Polymer Letters Vol. 3, No.6 (2009) [385] [386] [387] [388] [389] [390] [391] [392] [393] [394] [395] [396] [397] [398] [399] , N) , and the constants of the given polymer (k and α) are known.
Results and discussion. Comparison of calculated and measured molecular mass distributions
GPC curves are usually taken at points equally distributed along the log (molecular mass) axis, therefore it would be useful to distribute uniformly the test points along a logarithmic scale for melt viscosity tests too. The latter is hampered by the fact that even with up-to-date capillary rheometers one can take 6-8 (10) test point pairs (depending on the conditions). Intermediate points in the measured shear rate interval can be estimated by interpolation using the fitted shear viscosity function. A major problem is that in the case of γ . < 0.1 s -1 test are impossible, or even if one can measure 1-2 points for low viscosity melts, the scatter of parallel points will be unacceptably high. The same is true for tests at γ . > 100 s -1 where short test times do not allow the establishment of stationary flow. Additionally one cannot maintain the constant test temperature because of fictional heating. Thus the shear viscosity function must be extrapolated above and below the tested interval in order to estimate the high and low molecular mass branches of the molecular mass distribution function. We could not describe the breadth of the distribution using the algorithm developed for the indirect problem. For a long time the Carreau parameters were blamed for this failure, but without success. Later we concentrated on the effect of varying k and especially α which brought us closer to the solution of the problem. The lack of success was due to the improper exponent value in equation η 0 = KM -α m . We stuck too much to the α = 3.4 regarded as universal in the literature which made impossible the approximately correct prediction of the molecular mass distribution. If a smaller α value is chosen, the lower (high molecular mass) and higher (low molecular mass) portions of the distribution function can be approximated with acceptable error. The irregular double peak still remains in the central range, which has been published in ref. [22] too. The problem mentioned above is related to the accuracy of shear viscosity determination, which can be illustrated by the ln η 0 -M -m relation. The sensitivity of η 0 to the molecular mass at infinite shear rate is unity (α = 1.0), while at zero shear viscosity it is much higher (α = 3.4). At 190°C, depending on the polymer the lowest shear rate, from where extrapolation to zero shear viscosity is performed is 0,5-20 s -1 therefore the empirically found values of 2 < α ≤ 3.4 seem to be logical. Figures 5-7 show the calculated and experimental molecular mass distribution curves (the latter are determined by GPC). The shape of the calculated curves deviates considerably from the experimental ones, and the mentioned anomaly appears on all of them. Serious discrepancies are found in the relative frequencies. In the case of the PVC-4 sample, however, a very good agreement was found.
n values calculated from rheological tests and from the GPC are summarized in Table 6 . It has been concluded that the model approximates well the original molecular mass distribution. Unfortunately the same cannot be said of mass and number average molecular masses. Both values are underestimated in most cases, the calcu- Table 7 . shows how the mass-and number average molecular masses and the distribution itself change with the maximum shear viscosity and with the relaxation time. The data reflect a positive feature of the model, namely -number average molecular mass (M -n ) increases parallel with the maximum shear viscosity, i.e.
Critical evaluation of the applicability of the model
394
Macskási -eXPRESS Polymer Letters Vol. 3, No.6 (2009) [385] [386] [387] [388] [389] [390] [391] [392] [393] [394] [395] [396] [397] [398] [399] Table 7 . Mass-and number average molecular masses and polydispersities obtained form them The method described in Chapter 5. was based on the double derivation of the experimentally determined shear viscosity function. The integral molecular mass distribution function was obtained by processing the first and second derivatives using the described algorithm. Irregularities of the upper branch of the curve and the fact that by increasing the M parameter of the Carreau equation resulted in narrower distribution, i.e. that the algorithm handled the breadth of the molecular mass distribution inversely, prompted us to try the General Exponential (GEX) function, as suggested by Nobile et al. [9] , to describe the molecular mass distribution function. It is to be noted, however, that only monomodal distributions with a single peak can be described by the GEX function, shown in Equation (26): (26) where Γ(x) is the gamma function, a and b are constants, M is the mass average molecular mass, M 0 is the reference molecular mass. The starting point is again the experimentally determined shear viscosity function and the four parameters of the Carreau equation (η 0 , λ, M and N) fitted to the experimental points.
The rheological model is defined by a 5-parameter (η 0,GEX , K 3GEX , a GEX , b GEX and α GEX ) GEX function shown in Equation (28), derived from the assumed form of the molecular mass distribution function (see Equation (27)):
(27) where Γ(x, y) in the incomplete gamma function given by Equation (28): (28) and a, b > 0. Notations introduced by Nobile et al. [9] are used in the equations.
Calculation of the molecular mass distribution
The parameters are calculated by fitting Equation (27) to the experimental data using nonlinear regression method. M 1 and M 0 molecular masses necessary for the further calculation are obtained knowing two further parameters -K 1 and K 2 -defined by Equations (29) and (30):
Molecular mass data of the distribution function are obtained according to Equation (22) where η 0 is the maximum shear viscosity, K is a polymer-specific constant, λ is the relaxation time, γ . is the actual shear rate and k = 1. The corresponding w(m) GEX values are obtained form Equation (26). Of course theses should be normalized according to the n values, which are compared with those obtained form the GPC tests. Both molecular mass and the distribution values exhibit (with some exceptions) less than 30% deviation, in the majority of the cases the difference is less than 10%. Based on these results we can conclude that using the model suggested by us it is possible (within the mentioned limits) it is possible to predict the molecular mass distribution from the rheological data. Individual constants are valid for each polymer, which cannot be predicted on generalized at the present sate of knowledge.
Critical evaluation of the applicability of the model
Taking into account that the breadth of the molecular mass distribution functions of the polymers studied is moderate, it was investigated, whether a systematic variation of the Carreau parameters is reflected in the shape of the GEX distribution function and if yes, how. Therefore four cases were investigated, namely -η 0 is varied, λ = constant, M = constant, and N = constant; -λ is varied, η 0 = constant, M = constant and N = constant; -M is varied, η 0 = constant, λ = constant and N = constant; -N is varied, η 0 = constant, λ = constant and M = constant. Positive features of the model are as follows: (1) The increase/decrease of the maximum shear viscosity shifts the curve upwards/downwards along the molecular mass axis, the width of the distribution curve remains constant. 
Conclusions
Determining the number-and mass distribution of commercial polystyrene, PVC and polypropylene samples by GPC method the constants of the distribution functions were calculated. From the shear viscosity function measured at 190°C by capillary viscometry the Carreau constants of the polymers were calculated. Equations for the maximum shear viscosity and the mass average molecular mass taken form the literature were compared with our experimental data.
(1) The basic assumption of our model developed to a transform molecular mass distribution to shear viscosity function (direct problem) is that for each shear rate there is a M c critical molecular mass. At M < M c the molecules contribute to the shear viscosity according to the w i M i product, while at M ≥ M c according to their mass fraction, as if their molecular mass were M c . It is assumed further that the threshold value is independent of the average molecular mass of the sample and of the molecular mass distribution of the whole sample. Measured and calculated shear viscosity functions of the samples mentioned above agree within 10% error limit. (2) In order to determine the molecular mass distribution function from the shear viscosity function measured by capillary viscometry (inverse problem) we used the shear viscosity function 
